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Abstract

This paper presents a graphical approach for showing elementary finance students how
changes in operating leverage affect operating risk. It extends the traditional linear breakeven
analysis model to develop the "profit function." First, profit functions for low and high
operating leverage technologies are compared graphically under certainty. Then, a detailed
exposition explains how to make graphical comparisons under uncertainty where operating risk
is defined first to be the range of EBIT, and then where it's defined as the standard deviation of
EBIT. The paper concludes by briefly discussing how the graphical approach can be applied
also to illustrate differences in financial leverage, and the resulting differential effects upon risk.

INTRODUCTION

For decades, operating breskeven analysis, also caled cost-voume-profit (CVP) andysis,
has been used to andyze the rdationship between sdes volume and operating profitability. It
determines the operating breskeven point, that level of unit sdes where tota revenue from sdes
just covers total (both fixed and variable) operating cods. Leves of unit sdes above the
operating breskeven point generate operating profits, levels below that point result in operaing
losses.  Discussons of operating breskeven andyds agppear in many introductory financid
management textbooks, for example, Bedey and Brigham (2000). A reasonably comprehensive
recent review of CVP anadysisis provided by Guidry, et d. (1998).

The purpose of this aticde is expogtiond; it presents a different way of visudizing
breskeven andyss graphicdly.  The next section reviews the standard approach to operating
breskeven andyss  The following section introduces the profit function gpproach. Then the
next section describes how profit functions can be used to compare operating earnings resulting
from dternative technologies usng ether low or high operating leverage when there is no
uncertainty in sdes. With uncertainty in sales, the subsequent section uses the new approach to
visudize the effect of changes in operating leverage on expected vaue and risk of EBIT, where
risk is meassured by the range of outcomes under uncertainty. The next section performs a
amilar anadlyss for a more redrictive case of normdly digributed sdes. The penultimate section
briefly relates the gpproach of this study to the currently more conventiona approach that
focuses upon systematic risk rather than totd risk. Findly, the last section describes briefly how
the approach can be extended to illudtrate financid leverage, and concludes with some additiond
discusson.

STANDARD OPERATING BREAKEVEN ANALYSIS

One drong advantage of the breskeven anayss approach is that the implications of
changing sades volume on profit can be illudrated in a breskeven greph. In operating breakeven
andyss sverd different terms for "profit" can be used interchangeably, including "operaing



profit’, "operaing income', "EBIT", "eanings before interex and taxes', and "operding
eanings’. Linear breskeven analyss assumes that al costs can be categorized as fixed costs
totding F dollars per period or variable costs of v dollars per unit of output Q. Unit price is
assumed congtant at p dollars per unit. Then total revenue TR can be expressed as

TR=pQ (1)

TC=F+VvQ. 2
The contribution margin ¢ is defined as the addition to profits, or operaing income, from the sae
of one additiond unit of output. Thus c isthe difference between price and varigble cost:
c=p-v. (3
The breskeven output level Qp is the output level a which totad fixed operating costs are

covered, and can be computed algebraicdly as
Qe=F/(p-v)=F/c. (4

The standard linear breskeven graph (Figure 1, Paned A) shows the operating breakeven
unit saes leve Qg as the intersection of two upward doping lines on a space with units sold Q
on the horizonta axis and both tota revenue TR and totd cost TC on the vertical axis. Many
introductory texts, for example, Bedey and Brigham (2000) and Keown, et d. (2002), include
and discuss this graph.  The total revenue line darts a the origin with a dope equd to the
margind revenue product, or unit price p. The totd cogt line darts from the leve of totd fixed
cods F on the vertica axis with a dope equa to unit variable cost v. The verticd disgance
between the totd revenue and totd cost lines illudrates the level of operating profit or loss, with
positive profit to the right of the breskeven level and negative profit, or loss, to the lft.

and total cost TC as

Despite the assumptions of congtant price and variable cost through the entire range of
output, breskeven andyss is a useful firg way for dudents to examine the effects of changing
unit sales upon profit. We can remind students that within a limited range around the mogt likely
sdes levd, it is gopropriate to gpproximate the true nonlinear relationship with a linear one.
When usng comparative datics, the magnitude of resulting changes may not be exactly correct,
but the direction of the change will be.

A related form of breskeven andlyss, sometimes caled "Sdes Breskeven Anayss™ uses
dollar sdes rather than unit sdes. This approach may be more appropriate for firms with
multiple products (which requires the assumption of constant product mix a different sdes
levels), or for outsde andysts who do not have access to disaggregated unit sales information.
All the following discusson can be gpplied to dollar sdes breskeven andyss as wel as unit
sales breskeven andysis.

The Problem with Standard Breakeven Analysis

This dgandard breakeven greph is reasonably understandable for a single production
process. However, if the firm wishes to compare severd different technologies, each with a
different tota cost function, then the standard gpproach can become unnecessarily confusing for
dementary sudents. Some texts such as Bedey and Brigham (2000), actualy compare two or
three different technologies using two or three separate bregkeven graphs. This paper describes
an dternative graphica gpproach that facilitates visud comparisons on a sngle graph between
technologies with differing totd cogt functions resulting from different levels of operating
leverage.




THE PROFIT FUNCTION: AN ALTERNATIVE APPROACH

Profit Functions Defined
This dternative grephica approach specifies a profit function by subtrecting tota

operating costs TC from totd revenue T, where X denotes equivaently profit, EBIT, or net
operating income,

X=TR-TC 4
or the relaionship between unit sdes and net operating income, is obtained by combining (1) -
(4):

X =-F+cQ. (5)

This profit function is illugrated grephicdly in Fgure 1, Pand B, with operating profit X
on the vertical axis and units sold Q on the horizontd axis. The profit function sarts from the
vertica axis a a negative amount equa to total fixed costs and then dopes upward with a dope
equa to the unit contribution margin c, the difference between price and unit varidble cost. The
breskeven point Qg is the point where the profit function crosses the horizontd axis, the leve of
zero profit. The profit function uses only one line to convey exactly the same information that
traditiond breakeven andys's graph requires two lines to convey.

Operating Leverage

Frequently we wish to compare the effects on operating profits of different production
processes that use different values of fixed and unit variable operating costs.  These different
technologies exhibit different levels of operating leverage, with higher operaiing leverage
indicated by higher levels of fixed costs accompanied by lower unit varidble costs.  Actudly,
there is not complete agreement upon how to define operating leverage. Some authors such as
Bedey and Brigham (2000) define operating leverage as the level of fixed cods associated with a
production process. Others, such as Ross, Wedefidd, and Jaffe (1999) actudly define
operating leverage as

((Changein EBIT) / EBIT ) / ((Change in Sales) / Sdes). (6a)
This measure is more commonly known as the Degree of Operating Leverage, or DOL. Usng
the term from microeconomics, the DOL is the dadticity of EBIT with respect to Unit Sdes. For
the linear profit function in (5) the DOL is computed as
DOL = Qoc/ (Qoc-F). (6b)

From (6b) it is clear that the DOL is a function both of the particular technology (its fixed
and variable costs), and of a base output level Q. Since the DOL for a production process can
vay as the unit sdes benchmark varies, it is not a good measure solely of the operdting leverage
asociated with a technology. Furthermore, the more commonly accepted definition of
operating leverage increases as increases in fixed cods, does not adequatdly demondrate the
effect on EBIT of a change in sdes. Scott (1998) recognizes this deficiency and advocates that
operating leverage be neasured by the ratio of unit variable cost to price. The discusson of the
next section suggests that there is a tacit link between fixed and unit variable costs. An increase
in operating leverage implies increased fixed costs accompanied by lower unit \ariable costs, and
a higher unit contribution margin.  In addition, in the classc derivetion of a sysematic risk
goproach focusing on operating and financid leverage, Rubingtein (1973) uses contribution
margin to reflect operating leverage. Therefore, this sudy uses contribution margin as a measure
of operating leverage.

ANALYSISWITH NO UNCERTAINTY IN UNIT SALES



In the following discusson, subscripts L and H indicate respectivdly a low operating
leverage technology and a high operating leverage technology. For a lower (higher) operating
leverage profit function, operating profit X, (Xu) is a function of fixed costs F. (Fu), and unit
variable cost v (wvy) which through ¢ = p — v determines the contribution margin ¢ (c4). The
two profit functions are,

Xp=-FL+c. Q, andXy=-Fy+cuQ. (7
which are displayed in Figure 2.

The dopes of the profit functions are the respective unit contribution margins.  Students
can readily see that higher levels of operating leverage result in more seeply doped profit
functions. The generd reasoning is that higher operating leverage implies a higher leve of fixed
cods. However, no firm will voluntarily choose to increase fixed costs without an
accompanying decrease in unit variable cogts, which implies that increases in operating leverage
imply an increase in the contribution margin, and amore steeply doped profit function.

The respective breskeven levels of output are displayed in Figure 2 as Qg and Qgn,
where each profit function intersects the horizontal axis. At those points, operating profit is zero,
as operating revenue is exactly offset by total operating costs.

The output levdl where the two profit functions intersect is cdled the indifference (or
sometimes the crossover) point. At this point, labeled Q in Figure 2, operating income X is the
same for both levels of operaing leverage.  The vaue of the indifference point is determined by
setting the right hand sides of (7) equa to each other and solving for Q to get Q

Q=Fu-F)/(ch-c). (8

If forecasted sdes are to the right of this indifference point, then a more highly leveraged
process will generate a higher levd of operaing earnings, conversdly, if forecasted sdes are to
the left of the indifference point, the lower levd of operating leverage will generate higher
operating earnings. These comparisons under certainty will be extended conceptudly to the
expected (mogt likely) vaues of uncertain sdes and operating earnings under different levels of
operating leverage.

ANALYZING UNCERTAIN EBIT USING THE RANGE ASA MEASURE OF RISK

A even dronger pedagogicd advantage of the profit function expostion over traditiond
TR/TC breskeven analyss occurs when operating leverage dternatives are examined under
conditions of uncertainty. Giving dementary sudents a fed for andyticd frameworks to handle
uncertainty is an important contribution of the introductory finance course. There are different
ways to demondrate the effects of changes in operating leverage upon the risk of operating
eanings.

The most easily understandable gpproach uses ranges of sdes and operating earnings as
proxies for the dispersons of each distribution of possble vaues. Figure 3 extends te andyss
of Figure 2 to dlow for uncertain vaues of sdes and the resulting uncertainty in operdting
earnings asociated with different levels of operaing leverage. In a number of texts, uncertainty
in operating earnings is defined as busness risk.



In Figure 3 on the horizontd axis, Qmin, Qev, and Quax respectively indicate the lowes,
most likey (or expected vaue), and highest vaues of sdes atanable during a subsequent
period. The uncertainty in sdes is represented by the range, Rangeg = Quax — Qmin. Now the
profit functions can be used to trandform a st of vaues of unit sdes into values of operating
earnings for cases of low and high operating leverage.

Sating with the lower operatiing leverage profit function X, we can locate the
corresponding vaues of operating earnings, respectively, XvinL, Xeve, and Xuaxo. The range of
low operaing leverage operaing earnings is Rangex. = XwaxL - XminL. Therefore, we can say
that the given risk (uncertainty) in sdes, RangeQ, combined with a level of operating leverage
represented by the profit function XL, determine Rangex., the business risk associated with the
low operating leverage production process.

In pardle fashion, we can trace out the minimum, mog likdy, and maximum vaues of
operating earnings Xminn, Xevd, and Xuaxn for the high operating leverage profit function, and
the range is just Rangexn = Xwaxu - Xmind.  These ranges are displayed in Figure 3; it's easy to
see from the graph that the technology with higher operating leverage results in a higher range of
possble vaues of EBIT. With very little mathematics, students can see that the disperson of
possble vaues of operating earnings, for a given digperson in unit sdes, increases as operating
leverage increases from profit function X, to profit function Xy. In other words, increases in
operating leverage cause increases in busnessrisk.

The generd chain of reasoning is as follows operaing leverage O, fixed costs [, unit
variable costs [J, contribution margin O, profit function dope [J, Range x [, and thus business risk
0. The only link in the reasoning chain that requires an externd assumption is that fixed cost
increases imply reductions in unit varidble cos.  Recdl from ealier discusson, no firm would
ever voluntarily increese fixed codts without a resulting increase in unit variable cog; if unit
variable cost did not decrease, profit would be lower than before at dl levels of output.

S0, an increase in operating leverage aways results in an increese in business risk, as
measured by the variability of operating earnings. What about the most likely or expected vaue
of operating earnings? Conggent with the certainty case aove, if the most likdy vaue of sades
Qev is to the right of the indifference point Q,, then increases in operating leverage will increase
the most likdy vaue of operating income. If the mog likdy vaue of sdes is to the left of the
indifference point, increeses in operaiing leverage actudly reduce the mogt likdy vaue of
operdting earnings.  No firm would redigticdly consder incressng busness risk without an
accompanying increase in expected return, here measured by the mogt likely vaue of operating
eanings.

ANALYZING UNCERTAIN EBIT USING NORMALLY DISTRIBUTED SALES

This section discusses a dightly more advanced framework for the reationship between
operating leverage and business risk thet may not be appropriate for some introductory students.
It specifies that the didribution of sdes can be goproximated by a normd digtribution, using the
gpproach originated by Jeedicke and Robichek (1964). This approach uses the convenient
property of normd didributions that al points on a didribution can be summarized by only two
parameters, the mean and the standard deviation.

For a digribution of uncertain future vaues of unit sdes Q with expected vaue E(Q) and
dandard deviation Oq, a profit function with fixed coss F and contribution margin ¢ will
generate adistribution of operation earnings with amean of

EX)=-F+cE(Q) 9)
and a standard deviation of



Ox =CO0q. (10)
In this framework, busness risk, the disperson in operating earnings, is measured by the
standard deviation of operating earnings, instead of the range.

When uncertainty exiss, indead of a gngle vdue for sdes, we gpecify a probability
digribution of possible future sales vaues. We can then readily observe how the didtribution of
possble sdes vdues is trandformed through the profit function into a digtribution of posshble
vaues of operating earnings. As the dope of a profit function incresses, reflecting a higher
amount of operating leverage, the resulting operating earnings distribution becomes more
dispersed, reflecting the higher variability of operating earnings accompanying the increase in
operating leverage. This graphicd approach aso reinforces the indght of Scott (1998), who
observed that increases in operating leverage are more accurately reflected by increases in the
unit contribution margin (which increases the dope of the profit function), rather than the
traditionally stated increases in fixed operating cods.

For a given didribution in unit sdes, Figure 4 illustrates two digributions of operaing
earnings corresponding to two different levels of operding leverage. The low operding leverage
technology generates a digribution of EBIT with smdler total risk & and lower expected value
E(XL), and the higher operating leverage technology results in an EBIT didribution with higher
tota risk Oxy and expected value E(Xy). As discussed earlier, increases in operating leverage,
reflected by an increese in the unit contribution margin ¢, dways increase the risk of EBIT.
However, increases in the expected vaue of operating earnings will only occur if the forecasted
expected vaue of sdesisto theright of the indifference point.

OPERATING LEVERAGE AND SYSTEMATIC RISK

The previous two approaches to relating operating leverage to risk define risk as a totd
risk concept. Brigham and Daves (2002) refer to this type of risk as "stand-done’ risk, snce any
diversfication benefits are ignored. Because of the predominance of the capitd asset pricing
modd over the past few decades, it is more common to discuss risk in terms of systematic (beta)
risk insgtead of total (Sgma) risk.

However, a the dementary leve, the focus of the grephica illudrations in this paper has
been involved with how changes in leverage result in changes in risk, with less emphads upon
the actud values of risk. However, it is well known that for any asset A, its beta 8y and Sgma
Oa risk arerelated asfollows,

éA =TIam éA / C,)M, (11)
where iy and Qu denote respectively the correlation of asset A with the market and the standard
deviation of a market index. Therefore, other things equd, any increase in tota risk will be
accompanied by a corresponding increase in systemdtic risk.  Therefore, conclusions regarding
the effects of operating leverage upon risk using the dementary graphicad gpproach of this paper
ae entirdy consdsent with those implied by such dudies as Rubingein (1973), and those
reviewed in Li and Henderson (1991) that examine systematic risk instead of total risk.

EXTENDING THE APPROACH FOR FINANCIAL LEVERAGE



So far, the totd risk graphical approach to describing the effects of leverage changes
upon risk and return has been limited to operaing leverage. It's very easy to extend this
graphical approach to include financid leverage.

Figure 5 displays how operating and financid leverage together combine to transform a saes
digtribution into an earnings per share distribution. Earnings per share EPS are defined as
EPS = (Net Income) / (Common Equity)

Just as the operating leverage can be consdered to transform a distribution of unit sdes Q
values into a didribution of vaues of operating earnings X, financid leverage can be congdered
to tranform a didribution of vaues of operaing earnings X into a didribution of vaues of
earnings per share EPS. Extending Figure 4, which showed the transformation of a unit saes
digribution into EBIT didributions, Figure 5 illustrates both transformations sequentidly; sdes
into operating earnings and operating earnings into earnings per share.  Some texts such as Van
Horne (2000) define and discuss this later trandformation of EBIT into EPS as "EBIT/EPS
andyss” Alternativey, some texts such as Brigham Gapenski and Daves (1999) describe a
linear trandformation of EBIT into Return on equity ROE, by dividing net income by common
equity.  Whether shareholder welfare is measure by EPS or by ROE, increases in financid
leverage aways result in increases in risk, the disperson of possble vaues of both EPS and
ROE.

CONCLUSION

This paper has outlined an exposition of operating leverage that may be easier for less
mathematicaly inclined sudents to see grephicdly the effects of changes in operding leverage
upon business risk.  The gpproach relies upon specifying risk as a totd risk measure rather than a
gystematic risk measure.  Usng the range of EBIT as a measure of dispersion, students can see
exactly why operating leverage increases dways result in increases in busness risk.  In addition,
they can see exactly under what conditions increases in operating leverage result in increases in
the expected vaue of EBIT; sometimes increesng operating leverage can decrease the expected
vaue of EBIT. Although the mgor focus of the paper is on operating leverage, the paper adds a
few comments regarding extenson of the approach to andyze the effects on EPS or ROE of

changing financid leverage.
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FIGURE 1. TRADITIONAL BREAKEVEN ANALYSIS VS PROFIT
FUNCTION ANALYSIS.
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Panel A. Traditional Operating Breakeven Analysis Diagram. TR is Total Revenue, TC is
Total Cogt, Q is Unit Sales, F is Fixed Costs, v is Unit Variable Cogt, p is price, and Qg isthe
Breakeven Unit Salesvalue.
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Panel B. Profit Function Analysis Diagram. X isprofit, or operating earnings,
or EBIT. cisunit contribution margin, the slope of the profit function. Q, Qg,
and F are defined in Pandl A.




FIGURE 2. PROFIT FUNCTIONS: LOW AND HIGH OPERATING
LEVERAGE
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Profit Functions X and Xy for Low and High Operating Leverage with No Uncertainty in

Sales. Breakeven points Qs and Qsn, and Indifference Level Output g, where both X
and Xy have the same Oper ating Income X;.



FIGURE 3. PROFIT FUNCTION ANALYSIS OF OPERATING
LEVERAGE WITH UNCERTAIN SALES: RISK MEASURED ASRANGE
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For a given range of unit sales Rangeq, higher oplev profit function Xy results in a larger
EBIT range Rangexy than Rangex. which uses the lower oplev profit function X.
Increasing oplev always increasesrisk. And, in this case, since the given expected unit sales
Qev is greater than the indifference level Q, higher oplev expected EBIT Xevy iS greater
than the lower oplev expected EBIT Xgy.. Increasing oplev increases (decr eases) expected
return if expected salesisgreater (less) than the indifference level of sales.



FIGURE 4. LOW AND HIGH OPERATING LEVERAGE; RISK
MEASURED AS STANDARD DEVIATION
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For a given sales distribution Q with expected value E(Q) and standard deviation &g, alow
operating leverage technology generates an EBIT distribution X with an expected value
E(XL) = - FL + a E(Q) and standard deviation &« = ¢ 6g that are respectively lower than
E(Xh) = - Fu + ¢y E(Q) and &u = o, 6g of the distribution X4 generated by an higher
operating leverage technology. In thisillustration, standard deviation is the risk measure;
similar resultsoccur if rangeistherisk measure, asit wasin Figure 3.



FIGURE 5. OPERATING AND FINANCIAL LEVERAGE COMBINED
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The distribution of earnings per share EPS is determined by three factors, the distribution
of unit sales, operating leverage, and financial leverage. In the first step, the sales Q
distribution and operating leverage determine the operating earnings X digtribution. In
the following step, the operating earnings distribution and financial leverage determine the

digribution of EPS. Ingtead of an EPS distribution, a ROE distribution could be used to

illusrate the same effects of financial leverage upon risk and return facing the
shareholders.



